Abstract. The Ramanujan τ -function satisfies well-known congruences modulo the so-called exceptional prime numbers 2, 3, 5, 7, 23, 691. In this paper we prove new congruences related to the irregular primes 131 and 593, involving generalized class numbers. As an application we obtain distribution results. We obtain a new proof of the famous 691 congruence and congruences of the related Rankin L-funtion.
Introduction and statement of results
The Ramanujan numbers [11] τ (1) = 1, τ(2) = −24, τ(3) = 252, τ(4) = −1472 . . . satisfy certain famous well-known congruences modulo powers of the primes 2, 3, 5, 7, 23 and 691, e.g.,
(mod 691).
Here we prove that the Ramanujan numbers also satisfy congruences with generalized class numbers discovered by Cohen [1] : 3 H(11, 3) = −3694, 2 H(11, 4) = −50521, H(11, 7) = −9006448, H (11, 8) = −36581523 . . . . These congrunces are modulo the irregular prime numbers 131 and 593. Our motivation for finding congruences of this new type was the hope of proving by congruence considerations Lehmer's conjecture that τ (n) never vanishes. As it turns out, this approach is fruitful, but in an unexpected sense. Fundamental for the modern theory of modular forms is Deligne's [2] proof of the Serre conjecture on the existence of l-adic Galois representations ρ l attached to a modular form. In 1972 Swinnerton-Dyer determined the possible images of ρ l , the reduction of ρ l mod l for level one. This was generalized by Ono [9] .
There exist only finitely many primes l such that the image of ρ l does not contain SL 2 (Z/lZ). These primes are exceptional and yield congruences. It is striking that the full set of exceptional primes for the modular form related to τ (n) is just the set {2, 3, 5, 7, 23, 691}. This suggests finding congruences by looking at small images of the reduced Galois representation. For example, Ono [9] notes that: The search for congruences depends on the classification of subgroups of GL 2 (Z/pZ), where GL 2 (Z/pZ) is the full image of the representation if l is not exceptional. This is certainly correct. And there is another interesting issue. The prime 691 is special in the sense that it is also an irregular prime, which gives a connection to Bernoulli 432 BERNHARD HEIM numbers, Kummer's approach to Fermat's Last Theorem, and the congruences observed here.
Our goals are threefold. We give a new proof of the 691 congruence (1.1), which as an application involves a congruence for the Rankin L-function
at the critical value s = 22 (Zagier ([13]) ).
n be the discriminant function with Fourier coefficients τ (n) and ∆ the Petersson norm of ∆. Then
is a quadratic residue mod 691 and
Also, new congruences for τ (n) are presented, related to the irregular prime numbers 131 and 593, which involve the generalized class numbers H(t, N ) of Cohen.
Here t ∈ N and −N is the discriminant of a binary positive semi-definite quadratic form. For t = 1 these are the classical class numbers discussed by Kronecker, Hurwitz and others. Finally, numerical data illustrates the results related to H(t, N ).
The Ramanujan τ -function τ : N −→ Z is defined by the Fourier coefficients of the discriminant function ∆ on H := {z ∈ C| Im(z) > 0}:
It is imbedded in the family of power series of type 
with m, n coprime and that
for all primes p and integers l ≥ 2. This is equivalent to the assertian that the Dirichlet series attached to ∆ has an Euler product:
.
Here the product runs over all primes p and s ∈ C with real part of s large enough. This was proven by Mordell and was the starting point of Hecke theory, a fundamental tool in the theory of automorphic forms. The point is that the values τ (p) determine the discriminant function completely.
Furthermore, Ramanujan predicted that the roots α p and β p of the polynomial in the denominator of (1.6) are complex conjugates, which is equivalent to the estimate |τ (p)| ≤ 2p For example, if we list the τ (n) modulo 23, then a certain pattern emerges: Examination of this data leads to the conjecture τ (n) ≡ 0 (mod 23) if n is coprime to 23 and is quadratic nonresidue modulo 23. This was proven by Ramanujan via an identity of Euler.
The following congruences mentioned earlier can also be found in his notes:
To illustrate the 691 congruence we have calculated several coefficients modulo 691. Obviously, one has to have some other insight to guess the congruence of τ (n) with σ 11 (n).
(1.10) Let D ∈ Z and
This function has a meromorphic continuaton to the whole complex plane and can be evaluated at negative integers. The generalized class numbers of Cohen are
for r ∈ N odd and N ∈ N 0 .
Theorem 1.2.
For all positive integers n we have congruences between the Ramanujan numbers τ (n) and the generalized class numbers H(11, N) (0 < N ≤ 4n) with respect to the irregular prime numbers 131 and 593. Then we have:
For example, from the data here,
The first n ∈ N such that τ (n) ≡ 0 (mod 131) is given by n = 1051. This we found with Pari. From the properties of τ (n) already mentioned it follows that 1051 has to be a prime. But more is true, since 131 is not an exceptional prime. That is, Deligne's results on Galois representations attached to modular forms can be applied, leading to congruences of generalized class numbers. For the irregular primes 131 and 593 we have congruences satisfied for a set of primes of positive density and restricted to an arbitary arithmetic progression.
Theorem 1.3. Let a, b and l be positive integers and let a and l be coprime. Assume
Then the congruence
is satisfied by a subset of X l (a) of positive density.
Generalized class numbers, Galois representation and congruences
It is well known that the discriminant ∆ is an elliptic cusp form. This makes applicable the theory of modular forms and properties of the associated Galois representation.
For a positive even integer k, let S k be the modular forms of weight k with respect to SL 2 (Z). A primitive newform f ∈ S k has a 1 = 1 and is an eigenform for Hecke operators. Let x and y be the real and imaginary part of z. The Petersson norm of ∆ is given by Then H(t, N ) is a rational number and for fixed odd t 0 > 0 the denominator of H(t 0 , N) is bounded. Cohen gave numerical data in the case t = 1, 2, 3, 4, extended in the book of Eichler and Zagier towards t = 5, 7 (for Jacobi forms). Since the Ramanujan numbers τ (n) are directly related to the case t = 11 we have calculated H (11, N) 
is a unit κ q in the field Z/qZ. This allows us to transfer a result of Swinnerton-Dyer [12] on elliptic modular forms, applied to ∆ and combined with Theorem 1.2, to the generalized class numbers. Let f ∈ S k be a primitive newform with the property that all Fourier coefficients are rational integers. Then the following is satisfied: Let m 1 and m 2 be positive integers, and let c ∈ Z/m 1 Z and d ∈ (Z/m 2 Z) * . Suppose that any prime divisor of m 1 is not exceptional for f . Then the set of prime numbers p such that p ≡ d (mod m 2 ) with the property a p ≡ c (mod m 1 ) has positive density.
Since the discriminant function ∆ is a normalized cusp form of weight 12 and dimS 12 = 1, the function ∆ is a primitive newform. Moreover, it follows from the definition that all Fourier coefficients are integers. Since {2, 3, 5, 7, 23 , 691} is the set of all exceptional primes related to l-adic Galois representations of ∆ we can apply the theorem for the case m 1 = 131 and 593.
The Ramanujan numbers and the symmetric square L-series
The symmetric square L-function of ∆ is
It converges absolutely for Re(s) > 12 and has a holomorphic continuation to the complex plane. Further, m = 22 is a critical value in the sense of Deligne, and
with Q ∈ Q * and ∆ the Petersson norm of ∆. 
(X g the set of half-integral positive semi-definite matrices) are rational integers with bounded denominator. We are interested in g = 1 and g = 2. The classical Eisenstein series E k (z) = E 1 k (z) of degree one has the Fourier expansion
The Bernoulli numbers can be defined by
For example, −2k are irregular. We will show that the Ramanujan numbers τ (n) are related to N 12 = 691. The arithmetic nature of the Fourier coefficients of the Eisenstein series of degree 2 is more complicated but we have still some control. With (n, r, m) := n r 2 r 2 m ∈ X 2 , the denominator of the rational integer (3.6) 
It is well known that
is not divisible by p|N k N 2k−2 . Maass conjectured that such primes p are optimal, in the sense that, for p|N k N 2k−2 there exists a T ∈ X 2 such that
To prove the 691 Ramanujan congruences for τ (n) it is sufficient that But this is well known and follows from results of Maass [8] . Let D < 0 be a discriminant. Then for all T = (n, r, 1) ∈ X 2 with D = r 2 − 4n,
Congruences between the Ramanujan numbers and class numbers.
In this subsection we prove that τ (n) satisfies certain congruences mod 131 and 593 related to the class numbers H (11, N) . Here N 22 = 131 · 593.
Proof of Theorem 1.2. We have already seen that A Since H(11, 4) + 2 H(11, 3) ≡ 0 (mod q) the theorem is proven.
